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Max Lieblich 

Abstract 

We use twisted sheaves and their moduli spaces to study the Brauer group of a scheme. 
In particular, we (1) show how twisted methods can be efficiently used to re-prove the 
basic facts about the Brauer group and cohomological Brauer group (including Gabber's 
theorem that they coincide for a separated union of two affine schemes), (2) give a new 
proof of de Jong's period-index theorem for surfaces over algebraically closed fields, and 
(3) prove an analogous result for surfaces over finite fields. We also include a reduction 
of all period-index problems for Brauer groups of function fields over algebraically closed 
fields to characteristic 0, which (among other things) extends de Jong's result to include 
classes of period divisible by the characteristic of the base field. Finally, we use the theory 
developed here to give counterexamples to a standard type of local-to-global conjecture 
for geometrically rational varieties over the function field of the projective plane. 
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1. Introduction 

Let K be a field. Given a Brauer class a £ Br(-ftT), there are two natural discrete invariants: the 
period of a, per(a), which is the order of a as an element of Br (if), and the index of a, ind(a), 
whose square is the if- vector space dimension of a central division algebra with Brauer class a. 
It is elementary to prove that per(a)| ind(a) and that they have the same prime factors, so that 
ind(a)| per (a) for some i (see 12.1.1.31 below). The properties of the exponent £ have been studied 
by numerous authors ( [3] , [TO] , [12] , , [2Z] , [39] , [35] , [48J , . . . ), and the work to date has all supported 
the following folk-conjecture. 

Conjecture. If K is a Ca field and a <G Br (if), then ind(a)| per(a) d_1 . 
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The main goal of this paper is to prove the following theorem. 

Theorem. Suppose K is a finitely generated field of characteristic p > with transcendence 
degree 2 over the prime held. If a G Br(iT) has order prime to char(K), then ind(a)| per(ce) 3 . If a 
is unramihed, then ind(a) = per(a). 

The reader will note that the exponent we obtain in the ramified case should be 2 according to 
the conjecture (although the unramified result is somewhat better than predicted). This gap is close 
to being filled, at the expense of adding another layer of stack-theoretic complexity to the methods 
employed here. 

The class a is unramified precisely when it comes from a class in the Brauer group of a smooth 
projective model X for the function field K. As we will describe below, techniques of Saltman |45j 
permit the deduction of the ramified case from the unramified one. (It is precisely here where one 
is forced to increase the exponent by 2 rather than by 1.) The unramified case is proven by finding 
a point in a certain moduli space parametrizing solutions to the equation per = ind. We must of 
course first show that this moduli space is non-empty, which is precisely de Jong's period-index 
theorem [12]. We offer a new proof of this result, as well as a reduction of all period- index problems 
for function fields over algebraically closed fields to characteristic 0, thus giving an incremental 
improvement of de Jong's theorem: we will not need the hypothesis that the period of a is prime 
to the characteristic of the base field (until we start working over finite base fields). 

The moduli space we will use to prove these theorems is the space of stable twisted sheaves. As 
this paper is intended to encourage the use of twisted methods in the study of the Brauer group, 
we have included more than is strictly necessary for our purposes. We give a slightly new proof 
of Gabber's theorem that the Brauer group and cohomological Brauer group of an affine scheme 
coincide. (For an introduction to this problem, as well as a proof of Gabber's theorem of which 
ours is an adaptation, the reader is referred to [22].) The methods used here are a precursor to de 
Jong's proof of Gabber's more recent theorem: Br = Br' for any quasi-compact separated scheme 
admitting an ample invertible sheaf [llj . 

The philosophy of twisted sheaves leads naturally to a question (|4.2.3.1I below) about the geom- 
etry of the moduli space of stable vector bundles with fixed determinant on a curve, whose answer 
is closely related to the period-index problem (in any dimension). By relating these two questions, 
we are able to give numerous examples of smooth projective geometrically connected geometrically 
rational varieties with geometric Picard group Z over C(t\,t2) which have points over the comple- 
tion of Q{t\,t2) at any (arbitrary) valuation but which lack rational points. These appear to be 
the first examples of such varieties over C{t\,t2) which violate the Hasse principle. (Hassett has 
informed me that there are also unpublished examples of cubic surfaces over C(t\,t2) which violate 
the Hasse principle and have vanishing Brauer-Manin obstruction; these of course have higher ge- 
ometric Picard number.) It seems that the method given here for producing such examples might 
be useful in other contexts. 

A brief summary of the contents of this paper: In section [2] we sketch the basic aspects of the 
period- index problem and the theory of gerbes (apres Giraud); the reader familiar with this material 
can skip this section, referring back for terminology as needed. This is followed in section[3]by a rapid 
tour of the theory of twisted sheaves, their use in proving the basic facts about the Brauer group of 
a scheme and Gabber's theorem, and a summary of the theory of their moduli on low-dimensional 
ambient varieties (fully developed in [33] ) . Finally, in section [4] we apply the abstract theory to 
the period-index problem and prove the main theorem. We have included a very short appendix 
discussing a few basic facts about (quasi-)coherent sheaves on stacks and elementary transforms. 
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2. Background 

2.1 Algebra 

In this section we rapidly summarize the basic facts concerning the period-index problem. 

2.1.1 Period and index The period-index problem has several manifestations. One way of de- 
scribing the problem uses Galois cohomology. Let K be a field and F an etale sheaf on Spec IT. Let 
a G IP (Spec if, F) be a Galois cohomology class with i > 0. 

Definition 2.1.1.1. The period of a, denoted per(a), is the order of a in the group W(SpecK, F). 
The (separable) index of a, denoted ind(a), is gcd{degL/A" : a\i = 0} with L a separable extension. 

In certain instances, the index of a is actually the minimal degree of a field extension killing a 
(for example, if i = 2 and F = G m ). 

Example 2.1.1.2. When F = G m and i = 2, we can translate 12.1.1.11 into the language of non- 
commutative algebra. A class a G P± 2 (Spec if , G m ) = Br(if) is represented by a central division 
if-algebra D. The period of a is the order of [D] in Br(iT) and the index of a is the square root 
of the rank of D. This follows from basic theorems in non-commutative algebra [15] which describe 
the structure of central division algebras. 

Lemma 2.1.1.3. Given F, i, and a as above, per(a)| ind(a) and both have the same prime factors. 

Proof. This is well-known, but we review the proof for the sake of completeness. That per(a)| ind(a) 
is a consequence of the existence, for any finite separable extension / : SpecL — > Specif, of 
a trace map f*f*F — > F (the "corestriction" ) such that the composition with the restriction is 
multiplication by deg L/K. Applying this to L/K such that = shows that the degree of any 
such extension kills a, whence the gcd kills a. To show that the prime factors are the same, suppose 
L/K kills a and let p be a prime number not dividing per (a). Suppose L is Galois with group G. 
Let G p be a p-Sylow subgroup of G and L p the fixed field. Thus, the degree of L p over K has no 
factors of p. We claim that L p kills a. Indeed, ai v is still per(a)-torsion and p still acts invertibly 
on the subgroup generated by a. Thus, restricting further to L and corestricting back to L p , we see 
that a is trivial over L p if and only if it is trivial over L. This removes p from ind(a). The case of 
general separable L/K follows from the case of Galois L/K. □ 

Thus, there is some minimal £ a so that ind(a)| per(a/ a . The period-index problem is to un- 
derstand the behavior of the exponent i a as K and a vary. In the context of elliptic curves, this 
was considered by Lang- Tate [28] and Lichtenbaum [32]. Using [271.1.21 we see that the period-index 
problem for the Brauer group is related to deciding how large a division algebra is necessary to 
represent a given Brauer class. In this form, it was considered by Brauer in his foundational paper 
and by Albert in subsequent work. 

Remark 2.1.1.4. Let ir : E — > P 1 be an elliptic surface over a finite field (with a section a). It is a 
classical result [47[ Exercise 10.11] that given an element a G LU(A;(P 1 ), E r /) of period n prime to the 
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characteristic of k, there is a field extension of degree n of ^(P 1 ) killing a. In other words, for these 
particular classes of H 1 (Spec ^(P 1 ), E„), the period equals the index. Using Artin's isomorphism 
Br(E) — > III(/c(P 1 ), E, n ) (see [20|), we see that this inadvertently also proves that per(a) = ind(a) 
for any a € Hr(E). 

2.1.2 Br and Br' The purpose of this paragraph is primarily to fix notation. Given any ringed 
topos A, there is a natural injection Br(X) H 2 (A, G m ) (developed using the language of gerbes 
in §V.4 of p2]). The torsion subgroup of H 2 (A, G m ) is the cohomological Brauer group, denoted 
Br'. 

Question 2.1.2.1. When is the natural map Br — > Br' an isomorphism? 

Grothendieck showed that Br = Br' (where the latter is computed in the etale topology) for 
Noetherian schemes of dimension 1 and regular schemes of dimension 2 [19]. In his thesis |16j . 
Gabber showed that this is so for any scheme A which can be written as a separated union of 
two affines. We give a proof of all of these results using twisted sheaves in section I3.1.4i A more 
recent result of Gabber (mid-1990s, unpublished) established that Br = Br' for any quasi-projective 
scheme, for which de Jong has given a twisted proof |llj . There is an example of a non-separated 
normal surface Z such that Br(Z)[2] ^ Br'(Z)[2] [14]. The question is still quite open, even for 
smooth non-quasi-projective threefolds over algebraically closed fields! 

2.2 Geometry 

We follow the terminology and conventions of |31j when discussing stacks and algebraic stacks. 
Given a stack X over an algebraic space X, we will use J^(JT) to denote the inertia stack, a 
representable group-functor on X which associates to <p : T — ► X the automorphisms of (p. (One 
can also explicitly describe the inertia stack as ^f(X) = X xxxX i with both maps being the 
diagonal morphism. It is then an exercise to check that this represents the sheaf of automorphisms, 
as described above. It appears that the inertia stack lacks a standard reference in the literature.) 
We will write Sh(JT) to denote the sheafification of JT, by which we mean the universal object 
among sheaves ^onl admitting a map of stacks X —* JF, & being considered as a stack via the 
natural functor from sheaves to stacks. 

2.2.1 Gerbes: generalities The canonical reference for gerbes and non-abelian cohomology is 
[1TJ . especially chapter IV. Fix a positive integer n. 

Situation 2.2.1.1. For the sake of simplicity, we will assume that n is prime to the characteristics 
of X. 

Definition 2.2.1.2. A gerbe on A is a stack JT — > X such that the sheafification Sh( JT) — > X is 
an isomorphism. This is equivalent to the following two conditions: 

(i) for every open set U — > X, there is a covering V — > U such that the fiber category 2£y ^ 0; 

(ii) given an open set U — » X and any two objects x,y G S^u, there is a covering V — > U and an 
isomorphism xy ^ yv- 

Definition 2.2.1.3. Given an abelian sheaf A on X, an A-gerbe on A is a gerbe X along with an 
isomorphism Ax — > J^(JT). An isomorphism of j4-gerbes SC and W is a 1-morphism / : X — > <3/ 
which is a 1-isomorphism of stacks such that the natural map 

Ax - J{X) - f*S{&) A Ax 

is the identity. 
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The primordial example of an ^4-gerbe is the classifying stack of A-torsors. A general A- 
gerbe should then be thought of as a bundle with fiber YiA and "A-linear" gluing data. The original 
interest in these objects comes from the following result of Giraud. For more on this subject, the 
reader is of course referred to §IV.3 of [T7j, and may consult [34] for a more condensed discussion. 

Proposition 2.2.1.4 (Giraud). There is a natural bijection between the set of isomorphism classes 
of A-gerbes and H 2 (A, A). 

Notation 2.2.1.5. We will write \X\ for the class of X in U 2 (X,A). 

Recall that given a sheaf on a stack S£ , there is a natural right action & x ^(X) — > J£~. 
Indeed, given an object U in the site of 3E and a section (/, a) of & x ^(JT) over U, we have an 
isomorphism a* : J?(J7) ^ J^(U), and we let (/, a) map to o~*f. On an ^4-gerbe, this becomes an 
action & x Ax — > 

Definition 2.2.1.6. Given an yl-gerbe X and a sheaf on X, the natural action Jxi->l' will 
be called the inertial action. 

2.2.2 Gerbes: two special flavors We briefly describe two different types of /x n -gerbes which will 
be important for us. Throughout, X is assumed to be a fc-scheme for some field k such that n € k x . 
(This last requirement is not necessary if one is willing to work in the flat topology.) 

Definition 2.2.2.1. A /i n -gerbe X —* X is (geometrically) essentially trivial if the class \SC\ has 
trivial image in H 2 (X, G m ) (respectively, H 2 (X (g)& fc, G m )). 

Definition 2.2.2.2. Let j$ be an invertible sheaf on X. The gerbe of nth roots of denoted 
[^#] 1//n , is the stack whose objects over T are pairs (Jz? , ip), where «£? is an invertible sheaf on X x T 
and : j£® n — > ^ is an isomorphism. 

It is immediate that is a /^ n -gerbe. A consideration of the Kummer sequence 1 — > // n — > 

G m — > G m — > 1 shows that every essentially trivial /x ra -gerbe is the gerbe of nth roots of some 
invertible sheaf. Geometrically essentially trivial gerbes are more difficult to describe. 

On the opposite side of the essentially trivial gerbes are the optimal gerbes. 

Definition 2.2.2.3. A /x n -gerbe 3C — > X is (geometrically) optimal if the associated G m -gerbe has 
order n in H 2 (X,G m ) (resp. in H 2 (X <g> fe, G m )). 

If X is regular, this is the same as saying that the generic fiber of 3C — » A" has order n in 
H 2 (?yxi /^ n ) (resp. in H 2 (ry XiX) ^, /x„)), which is the same as saying that X v is the /x n -gerbe associated 
to a division algebra over k(j]) of rank n 2 . If there is an Azumaya algebra of degree n on X in the 
class [X], this is perhaps saying that "Specs?/ is an integral non-commutative surface finite, flat, 
and unramified over its center." 

3. Twisted sheaves and their moduli 

In this section, we will introduce the category of twisted sheaves and show its suitability for studying 
certain types of questions about the Brauer group. We also give a summary of the results of [33], 
which studies the properties of the moduli spaces of twisted sheaves. 

3.1 Twisted sheaves 

Let X be an algebraic space. We equip X with a reasonable flat topology: the big or small etale 
topology or the fppf topology. When we speak of a stack on X, we will mean a stack in this topology. 



5 



Max Lieblich 



When studying sheaves on a stack, we will use the big etale or fppf topos. As noted in the appendix, 
this requires working with D(QCoh) rather than the non-sensical DQCoh(^od). Throughout £13.14 
3C — > X will be a fixed D-gerbe, where D is a closed subgroup of the multiplicative group G m . We 
will write C for the dual of D; thus, C is a quotient group of Z. 

3.1.1 Twisted sheaves 

Definition 3.1.1.1. An 36 -twisted sheaf is a sheaf & of (left) ^^-modules such that the natural 
inertial action & X D%- — > & (see 12.2. 1 .6j) equals the right action associated to the left module 
action D% x & — > 

Twisted vector bundles of rank n naturally arise as "universal reductions of structure group" for 
PGL n -bundles; the gerbe classifying the twisting is precisely the coboundary of the PGL n -bundle in 
H 2 (G m ) arising from the standard presentation 1 — > G m — > GL n — > PGL n — > 1. A similar /x n -gerbe 
arises when one studies reduction of structure group to SL n . It is a helpful exercise to write these 
gerbes down explicitly (as solutions to moduli problems). This may also be found in |17j . 

Remark 3.1.1.2. There are two other ways of describing twisted ^-modules which have arisen in the 
literature. Both may be found in Caldararu's thesis [2] (available electronically). In case a faithful 
(i.e., nowhere zero) locally free twisted sheaf ~f exists, one can apply the functor Jfom('f , ■ ) 
and conclude (via a fibered form of Morita equivalence described in [34]) that the abelian cate- 
gory of twisted 0-modules is equivalent to the abelian category of right stf -modules, where s$ = 

Alternatively, one can give a cocyclic description of twisted sheaves (used by Caldararu in his 
thesis [2], Yoshioka in his recent work [51], and others of a mathematico-physical bent) as follows: 
choose a hypercovering U m — ► X with a 2-cocycle a £ fj, n (U2) representing the cohomology class 
[36] e R 2 {X,n n ). (One can laboriously check [34] that indeed choosing such a setup is tantamount 
to choosing 36.) A twisted sheaf is then a pair (^,ip), with & a sheaf of 0f/ o -modules and <p : 
pr^ & — ► prg & is an isomorphism on U\ whose coboundary S(p = a € Autprg ^" on XJ%. In the 
cases where this definition has been applied to date, X is usually quasi-projective over an affine, so 
it suffices to take a Gech hypercovering (by a theorem of Artin [3]) in the etale topology. (In fact, 
authors using this definition usually live over the complex numbers and use the classical topology.) 

3.1.1.3. Since a D-gerbe is an Artin stack, there is a good theory of quasi-coherent and coherent 
twisted sheaves. Not surprisingly, this theory is influenced by the representation theory of D. 

Given x £ C, for any quasi-coherent sheaf & on 5€ there is a x-eigensheaf C & correspond- 
ing to sections where the action of the inertia stack Ax is via the character % : A — > G m and the 
right G m -action associated to the left ^-module structure of & . 

Proposition 3.1.1.4. Suppose & is a quasi-coherent sheaf on 36 ' . The natural maps induce an 
isomorphism 

& x -»■ 

The eigensheaves JP X are quasi-coherent. 

Proof. Using the specified identification Dy; = ^{36) (which is part of the data describing a gerbe), 
the natural action of ^{36) on & makes & a sheaf of quasi-coherent comodules for the Hopf algebra 
structure on ^d^- Thus, the proposition immediately follows from the basic representation theory 
of diagonalizable group schemes [50] . □ 
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Let 7r : Y — > X be a quasi-compact X-space and W :=7xjf f ->7 the pullback D-gerbe. We 
will also denote the morphism & — > X by 7T. 

Lemma 3.1.1.5. If 5f is a quasi-coherent sheaf on <3f , then the natural map tt*(& x ) — > 7r*£^ identifies 
n*(& x ) with (ir*&) x . 

Proof. As in the proof of l3.1.1.4| we can view ^ as an ^^^-comodule. In fact, the projection formula 
shows that the comodule structure on 5f is the adjoint of the induced ^D^-comodule structure on 
7r*^. The result follows. □ 

Definition 3.1.1.6. An m-fold X -twisted sheaf is a sheaf & on X such that J? = ^ Xm , where 
Xm ■ D — » G m is the mth power of the natural character D — > G m . 

Thus, JT-twisted sheaves are precisely the 1-fold ^-twisted sheaves. Moreover, if X n — > X 
represents the cohomology class n[X], then one can check (e.g., using the cocyclic formalism) that 
the category of J^-twisted sheaves is (non-canonically) equivalent to the category of n-fold X- 
twisted sheaves. The reason to introduce m-fold twisted sheaves is for convenient bookkeeping, as 
the following lemma illustrates. 

Lemma 3.1.1.7. If & is m-fold twisted and <S is n-fold twisted then 

L 

i) all cohomology sheaves of & ®^ are (n + m)-fold twisted; 

ii) all cohomology sheaves of ~R r J%?om(^ are (n — m)-fold twisted. 

If X is a fj, n -gerbe, then n-fold X-twisted sheaves are naturally identified with 0-fold X-twisted 
sheaves, which are naturally identihed via pushforward with sheaves on X. 

Proof. This is practically a tautology. □ 

Lemma 3.1.1.8. Given a G m -gerbe X — > X , there is an invertible n-fold X -twisted sheaf if and 
only if n[X] = € H 2 (A, G m ). In particular, if there is a locally free X-twisted sheaf of rank r > 0, 
then r[5] = 0£ H 2 (A, G m ). 

Proof. The last statement follows by taking the determinant IA.31 and applying the first statement. 
To prove the first statement, we see from the fact that J^-twisted sheaves are identified with n- 
fold ^-twisted sheaves that it suffices to prove the statement assuming n = 1. It follows from 
standard techniques that the groupoid of invertible sheaves on X is equivalent to the groupoid of 
1-morphisms X — > BG m . (However, the reader should note that this is not the definition of BG m , 
which only involves classifying invertible sheaves on algebraic spaces - or perhaps only on affine 
schemes, depending upon one's ideological purity.) The condition that an invertible sheaf ,£? on 
X be ^-twisted is easily seen to correspond to the condition that the corresponding morphism 
</?j2> : X — > BG m> x induce the identity on inertia stacks via the specified morphisms X(X) — > 
G m; ^r — ► (p^X(BG m ). In other words, ipg is a morphism of G m -gerbes, hence an isomorphism, 
which means that the cohomology class of X is trivial. Conversely, if X = BG m> x then there is 
an JT-twisted invertible sheaf arising from the canonical 1-dimensional representation of G m . □ 

Proposition 3.1.1.9. If X is Noetherian then a quasi-coherent X -twisted sheaf is the colimit of 
its coherent X-twisted subsheaves. 

Proof. This follows from the fact that X is Noetherian, combined with standard results about quasi- 
coherent sheaves on Noetherian Artin stacks (§15 of [31]), along with the fact that any subsheaf of 
an JT-twisted sheaf is JT-twisted. □ 

3.1.1.10. We end this section with several results comparing various categories of twisted 
sheaves. 
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Giving a global section of tt : — > X yields a "trivialization" of the category of twisted sheaves. 

Lemma 3.1.1.11. Given a section a : X — > ^T, the functor a* defines an equivalence of categories 
between the category of X -twisted sheaves and the category of &x -modules. This equivalence 
induces equivalences of the categories of quasi-coherent and coherent sheaves. 

Proof. Given cr, there results an isomorphism a : S£ — > BL> of D-gerbes on X which sends an 
object t to Isom(r, a). The natural character of D gives an invertible BD-twisted sheaf which pulls 
back to yield an invertible JT-twisted sheaf «£?. The functor W i— » (ir*W) ® 5£ gives an equivalence 
between the category of ^x-modules (with inverse given by V i— ► tt^Y ® «Sf v ). 

The reader more comfortable with cocycles can also give a proof of this statement using cocyclic 
description of 13.1.1.21 □ 

Using 13.1.1.111 we can prove that the category of twisted sheaves is invariant under "change of 
groups." Suppose a G H 2 (X, /z n ), and let l*oi be the image under the natural map H 2 (X, /x n ) — > 
rl 2 (X, G m ) induced by the inclusion fx n <—* G m . There is a /x n -gerbe ^ — > X and a G m -gerbe 
^ — > X with a /i n -linear map T: i2° — > ^ over X. 

Lemma 3.1.1.12. The pullback functor associated to the morphism 7 yields an equivalence of the 
category of & -twisted sheaves with the category of 2f -twisted sheaves. This equivalence induces 
equivalences of categories of quasi-coherent and coherent sheaves. 

Proof. Since iF- twisted sheaves and *3f -twisted sheaves both form stacks on X, it suffices to prove 
the statement after covering X so that both gerbes become trivial. Let ££ be an invertible 
twisted sheaf coming from a choice of section as in 13.1.1.111 Given a sheaf # on I, there is a 
natural isomorphism I* (ix^W ®j£f) — > ix*^W <8>I*«Sf , and this immediately implies the result. 

One can also give a proof using the cocyclic description of twisted sheaves given in 13.1.1.21 the 
image in G m of the cocycle for /x n corresponding to X gives the cocycle corresponding to W . The 
cocyclic description of twisted sheaves now makes it clear that the categories are equivalent. □ 

3.1.2 Twisted interpretations of Br = Br' and period-index Using the technology of twisted 
sheaves, we can now clearly state both the equality of Br and Br' and the period-index problem 
in purely geometric terms. We assume in this section that X is integral and Noetherian and that 
D = fi n . 

Proposition 3.1.2.1. Let 3£ —> X he a G m -gerbe and m a positive integer. 

i) lies in Br(X) if and only if there is a non-zero locally free X -twisted sheaf. 

ii) If X = Specif is a reduced point, then ind[J?T] divides m if and only if there is a coherent 
X-twisted sheaf of rank m. 

iii) If X is regular of dimension at most 2, then md[S^\ K rx)] divides m if and only if there is a 
locally free X -twisted sheaf of rank m. 

iv) Theclass \X\ E H 2 (X,fi n ) liesin the image of the coboundary map H 1 (X, PGL n ) —> H 2 (X,fi n ) 
if and only if there is a locally free X -twisted sheaf of rank n and trivial determinant HA.3\) . 

Sketch of proof. The relevant fact is the following: there is a locally free ^-twisted sheaf of rank r if 
and only if there is an Azumaya algebra of degree r with class \3C\ . The equivalence arises by sending 
"V to Shd^Y). The inverse comes by associating to an Azumaya algebra srf its gerbe of trivializations: 
a section over a scheme Y — > X is a locally free sheaf W along with an isomorphism of algebras 
£nd(W) — > si ' . It is easy to check that this is a G m -gerbe with class \srf\ G Br(X) C H 2 (X, G m ), and 
that the sheaves W patch together to yield a locally free twisted sheaf of rank n. This is essentially 
carried out in §V.4 of [T7]. The third statement follows from the second one, combined with !3.1.3.9[ 
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To prove the fourth statement, suppose ~f is a locally free JT-twisted sheaf of rank n, so that 
Sndiy) is the pullback of an Azumaya algebra of degree n on X. It is a simple calculation to 
show that the class of si differs from J2T by the image of det "V in H 2 (X, /j, n ) via the "first Chern 
class" map. Thus, the difference vanishes if and only if det "V is an nth power, in which case we can 
twisted y to produce a locally free ^-twisted sheaf of rank n with trivial determinant. □ 

Thus, these become problems about the existence of points in various moduli spaces: locally free 
(or simply coherent) twisted sheaves (of a given rank). The period- index problem in particular will 
prove amenable to this kind of analysis. The question of Br and Br' is more profitably approached 
in terms of the X-theory of 36 ', as we will describe in section 13.1.41 

3.1.3 Elementary applications In this section, we assume that X is Noetherian and that D = 
G m . 

Here we investigate the applications of the theory we have developed so far to the study of the 
Brauer group. While seemingly vacuous, the theory of twisted sheaves yields many of the basic 
results on the Brauer group without requiring recourse to etale cohomology. (The skeptical reader 
should note that some of the fundamental properties of gerbes and twisted sheaves do rely on the 
relationship to cohomology, but this is where the similarity ends. The point is that we use sheaf- 
theoretic methods in place of explicit computations of cohomological dimensions and the use of 
cohomological purity.) The essential result for all of these proofs, it turns out, is the deceptively 
simple- looking 13.1.1.91 

Lemma 3.1.3.1. Let rj C X be the scheme of generic points. Any coherent Sfc^-twisted sheaf extends 
to a coherent ^-twisted sheaf. 

Proof. Let & be a coherent J^-twisted sheaf. The inclusion v : J!^ = — > is quasi-compact, hence 
v*^ is a quasi-coherent ^-twisted sheaf. The result follows from 13.1.1.91 □ 

Lemma 3.1.3.2. There exists a non-zero coherent ^-twisted sheaf with support 3£ . 

Proof. Over the reduced structure on the generic scheme of X, we have a G m -gerbe over the 
spectrum of a finite product of fields. Thus, if we can produce a non-zero coherent twisted sheaf 
when X is the spectrum of a field, we can push it forward to get such an object on the generic 
scheme of X and then apply [3T1.3.11 When X is Specif, any etale covering is finite over X. Thus, 
there is a finite free morphism Y — > X such that the gerbe & := Y xx 3£ has a section. Once there 
is a section, we can apply [3~1. 1.111 Thus, there is a non-zero (in fact, locally free) twisted sheaf on 
. Pushing forward along the morphism <3f — > 3C yields a non-zero locally free JT-twisted sheaf 
by 13.1.1.31 (For a generalization of this argument, see 13.1.331 below.) □ 

Proposition 3.1.3.3. If X is regular and integral with generic scheme r], then the restriction map 

H 2 (X,G m ) ^H 2 (r,,G m ) 

is an injection. 

Proof. Suppose fx^ij represents the trivial cohomology class. This means that there is an in- 
vertible J2^-twisted sheaf L v . Bv l3.1.L~9| has a coherent extension L on all of 3C . In fact, there 
is a reflexive such extension. On the other hand, this extension has rank 1 by construction. But 
X, and therefore 3C , is regular. As any reflexive module of rank 1 over a regular local ring (of 
arbitrary dimension) is free (8J §VII.4], we conclude that L is an invertible twisted sheaf, whence 
\3C\ =0GH 2 (A,G m ). □ 

Corollary 3.1.3.4. If X is regular and quasi-compact then H 2 (A, G m ) is torsion. 



9 



Max Lieblich 



Proof. This follows immediately from 13.1.3.31 and the fact that the Galois cohomology of a field 
with abelian coefficients is torsion. □ 

Before proceeding, we recall a couple of lemmas which will also be useful in section 13.1.41 

Lemma 3.1.3.5. If Y — > X is a finite locally free covering and a £ H 2 (X, G m ), then there is a 
nowhere zero locally free twisted sheaf on Y if and only if there is such a twisted sheaf on X. If X 
is quasi-compact, the same holds for locally free twisted sheaves of finite constant non-zero rank. 

Proof. Fixing a gerbe SC representing a, we see that <3/ := 3C Xx Y represents the pullback of a to 
Y. Furthermore, ir : <3S — > X is a finite locally free morphism. Thus, given any locally free twisted 
sheaf F on & , ir*F will be a locally free twisted sheaf on It is clear that the rank of such a sheaf 
will be constant on a connected component. If X is quasi-compact then there are only finitely many 
connected components, whence one can arrange for the rank to be constant by taking appropriate 
direct sums on each component. □ 

Lemma 3.1.3.6 (Gabber). Given a local ring A and a local-etale A-algebra B, there exists a finite 
free A-algebra C such that for all maximal ideals m C C, there is a map B — > C m of A-algebras. 

Sketch of proof, following Gabber. By the local structure theory for etale morphisms [33], there is a 
monic polynomial f{x) = x n + J2?=o a i xn ~ % € A[x] and a maximal ideal n C A[x] such that /' ^ n 
and B (A[x]/f{x)) n . Let C be A[T]_, ... , T n ]/ ({cTj(Ti, . . . , T n ) - {-Ifa^i = l,...,n}), where Oi 
is the ith. symmetric polynomial. One can check that C is a finite free j4-module. By construction, 
we have that f(x) = Yl(x — T») in C[x], so that there are factorizations ipi : A[x]/(f(x)) — > C 
over A given by sending x to Tj. It is possible to see that C is a finite free A[x]/(/(x))-module 
of rank (n — 1)! via tpi, from which it follows that there is some maximal ideal q C C lying over 
n C A[x\/{f{x)), yielding a homomorphism B — > C q . There is an obvious action of the symmetric 
group Ti n on C over A, which is transitive on the closed fiber. Thus, composing the A-morphism 
B — > Cq with the automorphisms arising from the action of S nj we see that there is in fact an 
^4-map B — > C m for every maximal ideal m C C, as desired. □ 

Proposition 3.1.3.7. If X is semilocal of dimension at most 1 then there exists a locally free 
X -twisted sheaf of positive rank. 

Proof. When the cohomology class of X is assumed to be torsion, this will be subsumed by |3.1.4.T1 
below; thus, we only give a sketch here. 

We may assume that X is connected. It suffices to prove the statement assuming that X is 
reduced. Indeed, the infinitesimal deformations of a locally free J^ e d-twisted sheaf are easily seen 
to be unobstructed (using the fact that coherent cohomology vanishes on an affine scheme), so that 
a locally free ^ed-twisted sheaf may be deformed to a locally free JT-twisted sheaf of the same 
rank. 

If X has dimension 0, then it is a disjoint union of reduced closed points. Using the fact that 
the Brauer group and cohomological Brauer group coincide over fields (§X.5 of [36]) and elementary 
(e.g. Morita-theoretic) considerations, we see that there are locally free JT-twisted sheaves and that 
moreover there is at most one isomorphism class of JT-twisted sheaves with a given rank (at each 
point). (Briefly, the point is that by Morita theory one can see that two such differ by tensoring 
with an invertible sheaf, which is trivial over a semilocal ring.) 

Now suppose X is local. Applying 13.1.3.51 and 13.1.3.61 we may replace X by a finite semilocal 
extension Y — > X such that W := X Xx Y is trivial over every localization of Y. Choosing 
trivializations of the gerbe at each closed point of Y, it is immediate that there exists an integer 
N such that for any closed point y € Y, there is a locally free twisted sheaf on Spec y y of rank 
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N. By the previous paragraph, these are all isomorphic on the generic scheme of Y (as y varies). It 
follows (since Y is of dimension 1 at each closed point) that we can glue the local twisted sheaves 
to produce a locally free W -twisted sheaf. 

The general case proceeds as in the previous paragraph: the complement of the set of closed 
points of X is open (since the dimension is at most 1 at any point), so local models can be glued 
together to yield a locally free ^-twisted sheaf. □ 

Corollary 3.1.3.8. If X is a semilocal 1-dimensional Noetherian scheme, H 2 (X, G m ) is torsion 
and equals Br(X). 

Proof. This is an application of 13. 1.2.11 13.1.1.81 and 13.1.3771 □ 

Proposition 3.1.3.9. If X is Noetherian there is a coherent twisted sheaf which is locally free at 
every point of codimension 1. If X is regular, there is a coherent twisted sheaf which is locally free 
at every point of codimension 2. 

Proof. Using the first half of the proof of I3.1.3.7T it is easy to find some open V C X over which there 
is a locally free twisted sheaf F. Suppose p 6 X \ V has codimension 1 in X. Let i : Spec Pt x ^ X 
and j : V <— > X. Bv l3.1.37Tl we may assume (by taking a direct sum of F with itself if necessary) that 
there exists a locally free twisted sheaf G on Spec P ,x such that G v = F v (identifying the generic 
schemes of Spec0 P! x and V with rj using i and j, respectively). Consider Q := i*Gnj*F C F r] . This 
is a quasi-coherent twisted sheaf on X which equals F when pulled back by j and G when pulled 
back by i. Applying 13.1.1.91 and the fact that localization commutes with colimits, we see that there 
is a coherent subsheaf P C Q such that P\y = F and -P|spec0 p x — G. The locus where P is locally 
free is thus an open set containing V U {p}. By Noetherian induction, the first statement is proven. 
(More concretely, there can only be finitely many codimension 1 points p not in V, as they must 
be generic points of irreducible components of X \ V.) The second statement follows from the fact 
that any reflexive module over a regular local ring of dimension at most 2 is free. Thus, the reflexive 
hull of any coherent twisted sheaf will be locally free in codimension 2. □ 

COROLLARY 3.1.3.10. IfX is regular of dimension at most 2 everywhere then the inclusion Br(X) 
m ) is an isomorphism. 

Proof. This follows from |3TA9| and [3,118] □ 

3.1.4 Gabber's theorems We wish to show how twisted sheaves may be used to give an especially 
streamlined proof of Gabber's theorem that Br = Br' for affine schemes. (In fact, the proof given 
here also works for separated unions of two affines, just as in Gabber's original result.) Our argument 
is a simplification of the argument of Hoobler [22] which is itself a simplification of Gabber's proof. 
By using twisted sheaves rather than Azumaya algebras, the introduction of if -theory into the proof 
becomes more transparent, as one can "think in modules" from the beginning. Our approach notably 
also avoids the comparison of the "Mayer- Vietoris sequence" in non-abelian flat cohomology with 
that in ordinary abelian flat cohomology, by absorbing all of the cohomology (abelian and otherwise) 
into the underlying gerbe J?T. The outline of our proof comes from Hoobler's paper [ibid.]. 

The main theorem of this section is the following. 

Theorem 3.1.4.1. Let X be an affine scheme and 2£ an fppf n n -gerbe on X. There exists an 
^-twisted locally free sheaf of constant finite non-zero rank. 

Corollary 3.1.4.2. If X is an affine scheme then the natural injection Br(X) <^-> Br'(X) is an 
isomorphism. 
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Proof. Any torsion class a € rl 2 (X, G m ) (taken in the flat topology or etale topology) has a lift to 
a flat cohomology class in H 2 (X, ju n ). The theorem gives a twisted vector bundle on a gerbe in any 
such class. Taking its endomorphism algebra yields an Azumaya algebra with class a. □ 

For the rest of this section, we assume that X is an affine scheme and X — > X is a /i n -gerbe. 

The proof of 13.1.4.11 follows from several basic iT-theoretic lemmas. Let R be a commutative 
unital ring and let K(R) denote the ring structure on the Grothendieck group of finite projective 
ii-modules of constant rank. We recall some basic facts from algebraic i^-theory. 

Lemma 3.1.4.3. There is a natural map p : K(R) — > Z determined by the rank function on modules. 

i) The kernel of p is a nil-ideal. 

ii) Given projective modules P and Q, if [P] = [Q] in K(R) then there is N > such that 

iii) Given a class a £ K{R) of positive rank, some multiple net has the form [P] for a projective 
module P. 

iv) If P is a projective R-module such that P® n is free, then there is some N > such that P® N 
is free. 

Sketch of proof. . Since the iT-group classifies finitely generated projective modules, we immediately 
have that it commutes with colimits in R. Thus, to prove any statement involving only finitely many 
elements it suffices to prove it assuming that R is finitely generated over Z. In this case, R has some 
Krull dimension d. 

A beautiful proof of the first statement is due to Gabber and may also be found in his thesis |16j . 
It is easy to see that ker p is generated by elements of the form [P] — [R® rk p ] , and thus that it suffices 
to prove the statement for such elements. Now we can consider complexes — ► R® rkP — > p — > 0, 
given by a morphism (ft, and it is easy to see that there are precisely d such complexes such that 
for any point p € Speci?, one of the complexes is exact at p (i.e., one of the cpi gives a trivialization 
of P in a neighborhood of p). But then the tensor product of the complexes <pi ® • • • (g> ip^ is exact, 
whence it vanishes in ET-theory. It follows that ([P] — [R® TkP ]) d = in K(R). 

The second statement is quite a bit more difficult, and relies on the Bass cancellation lemma. 
(In the commutative case, it ultimately derives from a simpler statement due to Serre, which states 
that any projective module of rank at least d+1 has a non-zero free summand.) This is beyond the 
scope of this paper; we refer the reader to §4 of Chapter IX of [7] for the details. (The reader will 
also find a slightly different account of the rest of the if-theory we use here, including the other 
statements contained in this lemma.) 

The third statement may be proven as follows. First, we may assume R has finite Krull dimension 
d. Scaling a, we may assume that rk na ^ d. We can certainly write no = [P] — [Q] for some 
projective modules P and Q. Choosing a representation R N = Q(BQ', we find that na+N = [P®Q'\. 
But 

rk(P Q') = rk{na + N)^d + N, 

so we can find a free summand of P@Q' of rank N by Serre's theorem. The complementary summand 
yields a projective module representing na, as desired. 

To prove the final statement, let r be the rank of P, and write [P] = r + rj E K(R); we know 
from the first statement that rj is nilpotent. By hypothesis, (r + rj) n G Z C K(R), and it follows 
from the nilpotence of r\ that nn = 0, so that [P© n ] = [i? nr ]. Applying the second part, we conclude 
that there is N such that P® N is free, as required. □ 
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Corollary 3.1.4.4. Given a faithfully projective R-module P and a positive integer n, there exist 
non-zero free modules Fq and F\ and a faithfully projective R-module P such that P (g) p® 11 §§Fq = 
Fi. 

Proof. In iT-theory, the desired equality reads a[P][P] n = b for some positive integers a and b. In 
fact, applying 13. 1.4.3( 3). we see that it is enough to solve the equation for [P] in K{R). Moreover, 
since we are allowed to scale by a and b, it is clearly enough to solve the equation in K(R)®Q. 
Writing [P] = a + (3 with (5 £ ker p, we see that since (3 is nilpotent we can invert (l/a)[P] and 
extract an nth root using formal power series with rational coefficients, thus yielding a solution in 
K(R)®Q. □ 

Combining l3. 1.331 and l3~. 1.3. 51 we see that to prove l3~1.4.1l it is enough to prove the following. We 
will use the phrase "locally free" to mean "locally free of constant non-zero rank" in what follows. 

Proposition 3.1.4.5. Suppose that there is everywhere Zariski-locally on X a locally free X- 
twisted sheaf. Then there is a global locally free X -twisted sheaf. 

Proof. To simplify the notation, throughout this proof we will use the phrase "twisted sheaf on U" 
to mean "J?f xx [/-twisted sheaf" whenever U C X is a subscheme. It is enough to show that 

J = {/ E A | there is a locally free twisted sheaf on Spec A f} 

is an ideal. The Zariski-local existence hypothesis shows that J cannot be contained in any maximal 
ideal, hence if it is an ideal J = A. (This is Quillen induction.) It is clear that J is closed under 
multiplication by elements of A. To check that J is closed under addition, we may reduce to the 
case where X = U U V with U, V, and U Pi V all affine, and there are locally free twisted sheaves 
on U and V. (Indeed, suppose f,g £ J; we wish to show that / + g € J. We may replace X by 
SpecAf+g and thus assume that / + g = 1, in which case Spec ^4/ and Spec^4 9 form an open cover 
of X. Moreover, Spec Af n SpecA g = SpecAj g is affine.) 

Let & be a locally free twisted sheaf on U and £} a locally free twisted sheaf on V; we may 
assume that rk 8? = rkJ2. Since X is a /x n -gerbe, we see that 0^® n is naturally identified with 
a locally free untwisted sheaf (see 13. 1.1. 7j) . and similarly for J2. By I3.1,4~4"l we see that there are 
non-zero locally free sheaves P on U, Q on V and non-zero finite free modules Fq, F\ on U, Go, G± 
on V such that 

and 

£® n ®Q® n ®G s*Gi. 

Thus, replacing & by ^<g>P<g>F and £ by £}<g>Q®G , we may assume that £?® n and £}® n 
are free modules on U and V respectively of the same rank. Now consider the situation on U D V. 
Letting P = J2 V ® £ and Q = & <S> £ v , we have an isomorphism of locally free twisted sheaves 
& ®P = £i®Q. Furthermore, taking nth tensor powers, we see that P® n and Q® n are both free 
(of the same rank). Applying 13.1.4.3( 4) . we see that there is some N > such that P® N and Q® N 
are free. From the isomorphism & ®P = £2®Q we deduce that & ® p® N ^ £} <g) Q® N ; from which 
it follows that &> M = £ u for some integer M > 0. Thus, @> M and £ M are locally free twisted 
sheaves on U and V which glue on U n V, as desired. □ 

Starting with the affine case 13.1.4.21 it is possible to use twisted sheaves to prove the following. 

Proposition 3.1.4.6. If Y is a quasi-compact separated scheme admitting an ample invertible 
sheaf, then the natural injection Br(Y) <^-> Br'(Y) is an isomorphism. 
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The reader is referred to |TT] for the proof. The idea is to start with a supply of twisted sheaves 
which are locally free at selected points (using [3~.1.4.5p . and to increase the locus over which there 
exists a locally free twisted sheaf by looking at kernels of general maps between the local models. 
The ample invertible sheaf enables one to make a Bertini argument when studying a general such 
map between twisted sheaves (tensored with powers of the ample invertible sheaf). 

3.2 Moduli: a summary 

In this section, we summarize the important aspects of the theory of moduli of twisted sheaves, a 
subject which is treated in full detail (with proofs) in [33]. In section 01 we will use the structure 
theory of these moduli spaces to prove results about the period- index problem for curves and surfaces 
over finite, algebraically closed, and local fields. 

3.2.1 The moduli problem Let X — > S be a smooth projective morphism (with a chosen rela- 
tively ample 0(1)) with geometrically connected fibers, n a positive integer which is invertible on 
S, and X — > X a /x n -gerbe. Using standard methods, one can prove the following (see [33]). 

Proposition 3.2.1.1. The stack Tw^j of S-Bat torsion free X-twisted sheaves is an Artin stack 
locally of finite presentation over S. 

Given T — > S, the sections of Twj ;g over T are T-flat quasicoherent sheaves of finite presenta- 
tion & on SC xjT which are 1" x.5 T-twisted and such that for every geometric point t — > T, the 
fiber &t on SCt is torsion free. (The reader is referred to [33J for basic results on associated points 
and torsion subsheaves on Artin stacks. Nothing surprising happens.) 

As in the case of ordinary sheaves on a projective morphism, the stack of all twisted sheaves is 
a nightmarish object. For this and other reasons, it is worthwhile to distinguish an open substack 
of semistable objects (and a further open substack of stable objects). In the cases at hand (namely 
for curves and surfaces), it will turn out that this stack is in fact a GIT quotient stack; however, 
the definition can be made in arbitrary dimension, and while the stack has all of the properties one 
expects of a GIT quotient stack, it is not clear if it is in fact such a quotient stack. 

To define the stability condition, we will assume for the sake of simplicity that S = Spec k is the 
spectrum of a field. In this case, we can make use of the degree function deg^4o(^) ~~ * Q> which 
can be defined as follows, following [39]. There is a rational Chow theory A*{X) for which there 
is a natural theory of Chern classes. Via proper pushforward, there is an isomorphism Aq(X) — ► 
A (X)®Q. 

Definition 3.2.1.2. The degree map deg : A (X) — > Q is the composition Aq{3£) — > A (X) <g> Q — > 
Q, where the latter map is the degree in the usual Chow theory of X. 

In the following, we will write Td^- for the Todd class of the tangent sheaf of SC . 

Definition 3.2.1.3. Given a coherent sheaf & on J?T, the geometric Hilbert polynomial of J^, 
denoted Pj^-, is the polynomial whose value at m is ndeg(ch(J£"(m)) • Tdjr)- 

It is a standard exercise to show that this in fact defines a (unique) polynomial over Q. Further- 
more, one can see that for torsion free the polynomial has degree equal to the dimension of X, 
with leading coefficient equal to rk^deg^ 0(l)/(dimX)\. 

Remark 3.2.1.4. When the base S is arbitrary, one can check that in fact the geometric Hilbert 
polynomial of an S-flat JT-twisted sheaf is constant in geometric fibers. The reader is referred to 
2.2.7.18 of [33] for the details. 
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With this additive function K (3£) — > Q[x] in hand, we define (semi) stability in the usual way. 
Recall that there is an ordering on Q[x] given by the lexicographical ordering of coefficients. In this 
ordering, / ^ g if and only if f(a) ^ g(a) for all sufficiently large (positive) integers a. 

Definition 3.2.1.5. With the above notation, a coherent sheaf & on is semistable if for all 
coherent proper subsheaves 5f C J^~, one has (rkJ^)P^ ^ (rkSf)Pjj. The sheaf & is stable if one 
has strict inequality for all coherent proper subsheaves 'S C JF. 

Remark 3.2.1.6. When the base 5 is arbitrary, one can check that given an S-flat family of 
coherent JT-twisted sheaves, there is an open subset of S parametrizing semistable fibers & s and a 
smaller open subset parametrizing geometrically stable fibers & s . The reader is referred to 2.3.2.11 
of [33]. 

Notation 3.2.1.7. The substack of semistable twisted sheaves is denoted Tw ss C Tw; the substack 
of stable sheaves is Tw s C Tw ss . The stack of semistable twisted sheaves with geometric Hilbert 
polynomial P in the fibers is denoted Tw^-m(P). 

The presence of the Brauer class of SC can drastically simplify the meaning of (semi)stability, as 
in the following. We continue to assume that S = Speck is the spectrum of a field. Let Tw^wfn) 
temporarily denote the (open) substack parametrizing torsion free coherent JT-twisted sheaves of 
rank n. 

Lemma 3.2.1.8. If X — > X is geometrically optimal, then the inclusion Tw^ s (n) Twj^(n) 
is an equality. 

Proof. Given an JT-twisted sheaf "V of rank n on a geometric fiber of X/S, the fact that — > X 
is geometrically optimal shows that any non-zero proper subsheaf W C "V must have full rank. 
(I.e., V ' /W is supported on a proper closed substack of 3£ '.) In this case, the inequality required 
for stability follows immediately from the fact that a non-zero coherent -twisted sheaf has non- 
vanishing geometric Hilbert polynomial. (The reader is referred to 2.2.7.13 of [33J; this seems to be 
a somewhat non-trivial fact, but it follows readily from the Riemann-Roch formula for representable 
morphisms of smooth Deligne-Mumford stacks with projective coarse spaces.) □ 

Just as with ordinary sheaves, one can fix the determinant of a twisted sheaf. As described in the 
appendix, there is a determinant morphism Tw^/j — > Pic^/s (more generally, if X is not smooth 
one can only define this morphism on the locus parametrizing families whose fibers are perfect as 
objects in the derived category of coherent twisted sheaves). When the rank of & is n, det is a 
0-fold twisted invertible sheaf (since J?f is a /^ n -gerbe) , and is thus identified via pushforward with 
a section of Picx/s- This defines a map Tw^ys(n) — > Pkx/s- 

Definition 3.2.1.9. Given an invertible sheaf Jz? on X corresponding to S — > Pic^/s, the stack of 
twisted sheaves with determinant Jzf is the stack-theoretic fiber product Twjys(n) Xpic x/S S. The 
stack of semistable ^-twisted sheaves of rank n, geometric Hilbert polynomial P, and determinant 
Jf will be denoted TwJm(P, Jf), and similarly for stable objects. 

PROPOSITION 3.2.1.10. The stack Tw|-^ s (f) has the following properties. 

i) It is an Artin stack of finite presentation over S. 

ii) It admits limits along any discrete valuation ring. 

iii) The open substack Tw^- /g(P) of stable twisted sheaves is a G m -gerbe over a separated alge- 
braic space Tw^- /g(P) of finite presentation over S. 

iv) If X is a relative curve or surface and S is afhne, then Tw ss is a GIT quotient stack, and is 
thus corepresented in the category of schemes by a projective scheme. 
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Given Jz? G Pic x /s(S), the stack Tw|-, s (P,if) also satisfies i,ii, and iv, and the open substack 
Tw%£ , S (P, ££ ) is a n n -gerbe over a separated algebraic space of finite presentation, hence is itself 
separated. 

Remark 3.2.1.11. As in the case of ordinary sheaves, the Brauer class corresponding to the G m -gerbe 
Tw s — > Tw s is the famed Brauer obstruction to the existence of a tautological sheaf on Tw s . 

Remark 3.2.1.12. One can set up a similar theory of semistable coherent sheaves for any proper 
smooth Deligne-Mumford stack — > S with projective coarse moduli space X along the lines 
indicated above. From the point of view of period-index problems, this is particularly interesting 
when JT is a /^ n -gerbe over an orbifold. This point will be pursued elsewhere. 

With these abstract foundations in hand, we describe how the theory specializes when X is a 
curve or surface. 

3.2.2 Moduli of twisted sheaves on curves Fix a proper smooth curve C over an algebraically 
closed field and a ^x n -gerbe tt : ^ — > C. It is a standard fact that H 2 (C, fi n ) = Z/nZ (with a 
canonical generator being given by the first Chern class of the ideal sheaf of any closed point of C). 
Let 5 denote the (unique) fraction of the form a/n such that ^ a < n and a = \€\ G H 2 (C, fi n ). 

Definition 3.2.2.1. Given a sheaf & on ^, the degree of & is ndegci(^) G Q. 

It is not hard to see that the denominator of the degree of & is in fact a factor of n and that 
when & is pulled back from C, the degree computed above agrees with its degree as a sheaf on 
C . (Without the correcting factor of n, the denominator would be a factor of n 2 , and degrees of 
pullbacks would be divided by n.) 

Notation 3.2.2.2. We let Tw^(r,rf) denote the stack of twisted sheaves of rank r and degree d on 
c €. The superscripts s and ss will be added to denote the stable or semistable locus as above. The 
coarse moduli space of Tw s will be written as Tw s , as above. When the determinant is identified 
with Jzf , we will write Tw^ (r, J§f ) (with appropriate adornments for stable or semistable points). 

We let Shcyfc(r, d) denote the stack of (untwisted) sheaves on C with rank r and degree d and 
SiiQ/f.(r, L) denote the stack of sheaves with fixed determinant L. The (semi)stable locus is denoted 
with a superscript just as for twisted sheaves. 

Proposition 3.2.2.3. There is a non-canonical isomorphism Twyft(r, d) — > Sh^y^r, d — r5) which 
preserves the (semi)stable loci. 

Sketch of proof. The key to the proof is the observation that any ^-twisted invertible sheaf has 
degree congruent to 5 modulo Z. By Tsen's theorem, there is an invertible ^-twisted sheaf, say 
of degree 5. Just as in the proof of IBTTXTTl the functor & i-» tt*^ ® is an equivalence between 
the category of quasi-coherent ^-twisted sheaves and the category of quasi-coherent sheaves on C. 
Moreover, given a locally free ^-twisted sheaf ~y , it is easy to see that "¥ is semistable (as a twisted 
sheaf) if and only if w*(V ® ^ v ) is semistable (as a locally free sheaf on C). Finally, if degY = d, 
it follows from the usual formulas that degir*^ ® ^ v ) = deg(^ ® =^ v ) = d — rS, as required. □ 

In particular, Tw|^(r, <i) is a GIT stack (hence corepresented by a projective variety). 

The standard results concerning the moduli spaces of semistable sheaves on smooth curves carry 
over to the twisted setting. A relatively exhaustive list of references for these classical results may 
be found in [38\ Appendix 5C]. The final statement in the following uses the main result of |24j . 
which was not available at the time [381 was written. 
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Corollary 3.2.2.4. Assume that C has genus at least 2. Fix an invertible r-fold ^-twisted sheaf 
S£ of degree d G Q (so that in particular d — 5r G Z ). 

i) The stack Tw2/ fc (r,J&f) is smooth and is corepresented by a unirational projective variety 
Tvr%, k (r, Jzf ) of dimension (r 2 - 1) (g - 1) . The map on stable loci Tw£ /Jfc (r, Jgf ) -» Tw^ /fc (r, Jgf) 
is naturally a fj, r -gerbe. 

ii) Tne stack Tw^ t (r, d) is integral and smooth over k. The stable locus is a G m -gerbe over an 
algebraic space of dimension r 2 (g — 1) + 1. 

iii) If d — r5 and r are relatively prime, then the open immersion Tw^j,(r,if) ^ Tw|^(r,if) 
is an isomorphism. In this case, Tw^(r, j£f) is a smooth rational projective variety rep- 
resenting the sheafification of the stack Tw^(r, if). There is a tautological sheaf & on 
<T x Tw£ /fc (r, JSf), and Pic(Tw$? /fc (r,JS?)) - Z. 

3.2.2.5. Now suppose the base field k is not necessarily algebraically closed, and assume that n 
is invertible in k. Write S = Specfc and let C — > S be a smooth projective geometrically connected 
curve with a section p G C(k). There is a way to describe the spaces Tw^j, (r,d) using the theory 
of Galois twists. The Leray spectral sequence for G m and the choice of p yield an isomorphism 
H 2 (C,G m ) = R 2 {S,G m ) ©H^Pico/fc). Since C has a point, it follows that H 1 ^, Pic c/fc ) = 
H (5, PicQ, k ). Similarly, there is a decomposition 

H 2 (C, n n ) = H 2 (5, /i n ) © H 1 (5', Pic c/fc [n]) © H°(S, R 2 /*/2„). (1) 

The sheaf R 2 /*/x n is in fact isomorphic to Z/nZ, and a splitting of the natural map H 2 (C, — > 
H°(5,R 2 /*/x n ) = Z/nZ is given by sending 1 G Z/nZ to the gerbe [Qip)] 1 ^. 

In particular, the gerbe ^ gives rise to an element r G H 1 (5, Picc/feW) by projection. Note 
that tensoring yields a map Pic C/ / fc [n] Aut(Sh^^(n, 0(p))) (which is often an isomorphism 

|26j). By descent theory we see that varieties V over k which are geometrically isomorphic to 
Sh^f/ fc (n, 0(p)) are classified (up to isomorphism) by H 1 (5, Aut(Sh^ fc (n, 0(p)))). In particular, to 

any class r G H 1 (5', Pic c / fc [n]) is associated a twist of Sh.Q, k (n, &(p))- 

Proposition 3.2.2.6. With notation as above, let < a < n correspond to the class of^^k in 
Z/nZ = E°(S,R 2 f*n n ), and fix an invertible sheaf jM G Pic(C). TJien Tw^^n,^) is the Galois 

twist of Sh.Q/ k (n, ^#(— ap)) associated to the image of in H 1 (Spec k, ¥\cc/k[ n \) with respect to 
the decomposition of equation (QP above. 

Sketch of proof. We first note that since n is invertible in k (by assumption) , we see that the Brauer 
class of ^ will split over the separable closure of k, so that there is a © fc sep -twisted invertible 
sheaf ST as in 13.2.2.31 such that S? n = ir*0(ap) (so & has degree a In). The proof now follows from 
the description of the isomorphism in 13.2.2.31 combined with an explicit cocycle computation. □ 

In contrast to the classical case and 13.2.2.4( 3). the existence of a tautological family over 
Tw^y fc (n, jjf) (when deg^# — r is prime to n) is by no means assured. Since Tw s is a smooth 
projective rational variety with Picard group Z, it follows that the Brauer obstruction to the ex- 
istence of a tautological sheaf is in fact the pullback of a Brauer class from the base field. As a 
consequence, we see for example that the existence of a tautological sheaf follows from the existence 
of a single stable twisted sheaf with the given invariants over the base field. (This in fact yields a 
slightly different proof that the classical Brauer obstruction vanishes in the untwisted case.) One 
way to interpret this is as follows: geometrically, one expects Tw s to be quite similar to the space of 
vector bundles. The arithmetic of the twisting class is responsible for the more complex structure of 
the projection Tw s — ► Tw s . We will return to this issue later when we study period-index problems 
for fibrations of curves. 
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3.2.3 Moduli of twisted sheaves on surfaces Throughout this section, X — ► X is a /z n -gerbe 
on a smooth projective surface over a field k and n is assumed prime to char(fc). The two moduli 
spaces which will be relevant are those coming from essentially trivial gerbes and from optimal 
gerbes. These should be thought of as complementary cases: given an Azumaya algebra stf on X 
with essentially trivial associated gerbe, one has that the generic fiber s^(rj) is simply M n (k(X)). If 
stf has optimal associated gerbe, one has instead that srf (jj) is a division algebra over the function 
field k(X). Twisted sheaves of rank n on an optimal /x n -gerbe can be thought of as objects in the 
"right non-commutative Picard space" of an integral non-commutative surface finite over its center. 
On the other hand, moduli of essentially trivial twisted sheaves are best understood in terms of a 
"twisted stability condition" on the moduli of ordinary sheaves. This is described in detail in [33J . 

The stack of twisted sheaves with fixed rank n, determinant L, and geometric Hilbert polynomial 
P will be denoted Tw(n, L, P). Adornments, such as ss , etc., will be added as necessary. If instead 
we fix the pair (L,c 2 ) of the determinant and degree of the second Chern class, we will write 
Tw(n, L,c 2 ). (These two ways of fixing the invariants are equivalent.) The superscript fi will be 
used to denote the slope-stable locus, which is open in the Gieseker-stable locus. 

Proposition 3.2.3.1. Suppose X is geometrically essentially trivial. There is a non-canonical 
isomorphism 

Tw^ r/fc (n,L,P)®k^ Sb4 /fc (n,L',Q) ® k, 
with Q an appropriate polynomial, where X = [L (&(L')^ / ] 1 ' n . 

The proof is similar to the proof of 13.2,2.31 

Remark 3.2.3.2. In the above isomorphism, it is easy to see that the second Chern classes on the 
left and right sides differ by an amount which is bounded in terms of L, X , and the intersection 
theory of X. Indeed, if 3C ® k = [M] 1//n , then the isomorphism arises by sending 'f to "V (8 , 
where j$ is an ^"-twisted invertible sheaf such that ^£® n = M. A standard computation shows 
that 

c 2 {f ®^) = c 2 (V) + {n- l) Cl (^ v ) Cl (r) +nQci(^ v ). 

Thus, if detY is fixed, then c 2 {Y) and c^Y ® ^( y ) will differ by a fixed constant. 

In the case of an optimal gerbe, we have the following theorem. The interested reader will find 
a proof along with proof of several other asymptotic properties (as C2 grows) in [33J. 

Theorem 3.2.3.3. Suppose k is algebraically closed and X is optimal. Given an invertible sheaf L G 
Pic(X), there is a constant A such that for all c 2 ^ A, the stack Tw|- /^(n, L, c 2 ) is integral, normal, 
and lei whenever it is non-empty. Moreover, if Tw|a(n, L, c 2 ) is non-empty, then Tw|^(n, L, c 2 + 
2r£) is non-empty for all £ ^ 0. 

Using basic results from the appendix on elementary transforms, we have the following non- 
emptiness result. 

Proposition 3.2.3.4. Suppose X is geometrically optimal. If there is a locally free X-twisted sheaf 
of rank n then for any integer B and any invertible sheaf L G Pic(X), the stack Tw^^n, L, c 2 ) is 
non-empty for some c 2 > B. 

Proof. We may clearly assume k is algebraically closed. Since is optimal, any torsion free X- 
twisted sheaf of rank n is automatically stable by !3. 2.1.81 Moreover, if & is a torsion free ^-twisted 
sheaf of rank n and x G X is a closed point, then the kernel of any surjection & — > onto a 
X xji- twisted sheaf of rank 1 (a "twisted skyscraper sheaf") has the same determinant as & and 
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satisfies c%{J^'} = c%{&} + 2n. Thus, it suffices to show that there is a locally free ^-twisted sheaf 
of rank n and determinant L. Suppose "V is any locally free JT-twisted sheaf of rank n, and let 
M = det "V. If @x(X) 1S a ver Y ample invertible sheaf, then there is some n such that L v <g) det(Y(n)) 
is very ample. Let D C X be a smooth divisor in the linear system |L V ® det('^ / (n))|. By Tsen's 
theorem, there is an invertible quotient of V (n)| % x x d . Applying IA.7I yields the result. □ 

We note that recent results of Langer |30| on moduli of sheaves on arbitrary characteristic should 
give a method for proving 13.2.3.31 in the absence of the optimality hypothesis. In characteristic 0, it 
is likely that existing methods of O' Grady [3D] will carry over without much change to the twisted 
context, but we have not worked this out in detail. 

Remark 3.2.3.5. For the geometrically-minded . I3~. 2 . 3 . 3 1 plays an essential role in proving an algebraic 
analogue of results of Taubes on the stable topology of the space of self-dual connections on a fixed 
smooth PGL n -bundle over the 4-manifold underlying an algebraic surface. We refer such readers to 
[35]. 

The same methods used in the classical case also yield information about the variation of the 
stack of stable twisted sheaves in a family. (The reader is referred to 3.2.4.25 of [33] for a proof of 
the following.) 

Proposition 3.2.3.6. Let 3C — > X — > S be a fi n -gerbe on a smooth proper morphism over a 
locally Noetherian scheme with geometrically connected fibers of dimension 2, and assume that n 
is invertible on S. Suppose that for each geometric point s — > S, the fiber 3Cx —* X-g is optimal or 
essentially trivial. Then the stack Tw^y 5 (n, L, C2) — > S is a separated Eat local complete intersection 
morphism for sufficiently large C2 . 

We point out that the hypothesis on the geometric fibers of is satisfied whenever n is prime. 
This usually suffices for the study of period-index problems, as one can often reduce (by induction) 
to the case of classes of prime period. 



4. Period-Index results 

4.1 Preliminaries 

4.1.1 A cheap trick We mention here a simple trick which can be used to make certain base 
extensions. For the sake of concreteness, we only record the result for field extensions. 

Proposition 4.1.1.1. Let K beaheldanda G Br (If) a class annihilated by n. If L/K is a finite field 
extension of degree d and n is relatively prime to d, then per(a) = per(a\i) and ind(a) = ind(a|£). 

Proof. Write X = Spec if and Y = Spec L. The equality of the periods follows immediately from 
the fact that the map H 2 (X, fi n ) — > H 2 (Y, fi n ) — > H 2 (X, fi n ) induced by pullback and trace is 
multiplication by d. Suppose that m is a positive integer with all prime factors dividing n. If there 
is a locally free ay-twisted sheaf on Y of rank m then pushing it forward to X yields a locally free 
a-twisted sheaf of rank md. Taking endomorphisms yields a central simple if -algebra A of degree 
md with [A] = a. If D is the (unique up to isomorphism) central division if -algebra with class a, 
we may write A = M r (D) for some r. Since per(a)|n, we see that (ind(a), d) = 1, so the degree of D 
is prime to d. Since md = rdegD, we see that d\r. Thus, m = IdegD for some £, and we conclude 
that Mi(D) is a central simple algebra of degree m with class a, and thus that ind(a|^) ^ ind(a). 
Since the reverse inequality is obvious, the result follows. □ 

Corollary 4.1.1.2. If X is a k-scheme and a £ H 2 (X, G m ) has period n, then ind(a) = n if and 
only if there is a field extension k' D k of degree prime to n such that ind(afe/)|n. 
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4.1.2 A reduction of geometric period-index problems to characteristic Let k be an alge- 
braically closed field, K/k a finitely generated field extension of finite transcendence degree and 
a £ J5r(K) a Brauer class. Let W be the Witt ring of k; in particular, W is an absolutely unrami- 
fied Henselian discrete valuation ring with residue field k. 

Definition 4.1.2.1. Given a scheme X and a point x € X, an Stale neighborhood of x is an etale 
morphism U — > X along with a lifting x — > U over x —* X. 

Proposition 4.1.2.2. With the above notation, there exists an extension of discrete valuation rings 
W C R such that 

i) i? is essentially of finite type and formally smooth over W; 

ii) there is an isomorphism p between the residue held R and K; 

iii) for any finite extension W C W, the base change R®W is a discrete valuation ring with 
residue field isomorphic to K; 

iv) there is a class a € Br(i?) with the same period as a and such that a\ R corresponds to a via 
P- 

Proof. The idea of the proof is to first fiber a proper model of K by curves over an affine space, 
use the deformation theory of curves to lift the function field over W, and then use the deformation 
theory of Azumaya algebras to lift the Brauer class over an etale localization of the global model. 

First, we can choose a normal projective variety X/k such that k{X) = K (e.g., normalize the 
projective closure of an affine model!). By Bertini's theorem, a generic hyperplane section of X 
will remain smooth in codimension 1, so choosing a general pencil of very ample divisors on X, 
we can blow up X to yield a birational model X — > P 1 with geometrically integral generic fiber 
of dimension n — 1 which is smooth in codimension 1. By induction, it follows that we can find a 
smooth curve C over the function field A;(P n_1 ) (with sections, if we like) such that the function 
field K{C) is isomorphic to the original field K. 

Now consider the local ring A of P^ 1 at the generic point rj of the special fiber Pj? . Over 
the residue field of A we have a proper smooth curve C. Standard deformation theory (as may 
be found in [I], for example) yields a proper smooth scheme <t over the formal completion A with 
geometrically connected fibers of dimension 1. By Artin approximation (or Popescu's theorem), 
there results such a scheme over the Henselization of A. The usual finite presentation arguments 
yield an etale neighborhood U — ► P^7 of rj and a proper smooth relative curve ^ — > U such that the 
fiber over n is the original curve C. By shrinking U, we may assume that the fibers of U over Spec W 
are geometrically connected, hence that the fibers of over W are geometrically connected. The 
same follows for any etale neighborhood of the generic point 7 of the special fiber of over W. Now 
6<grt i s a discrete valuation ring containing W which satisfies all but possibly the last condition we 
require, and this remains true of any etale neighborhood of 7. Thus, the Henselization of is the 
colimit of subrings quasi-finite over @<g^ satisfying conditions 1 through 3. But Br(^^ ) = Br(i^), 
so there is a lift of a to a class defined on ffh , and this class descends to a class with the same 
period over some quasi-finite essentially finite type normal local extension R of @<g ~ with residue 
field K. This finishes the proof. □ 

Given a domain B, we temporarily write F(B) for its field of fractions. 

Corollary 4.1.2.3. With the notation of \4.1.2.2[ inda = mda\ R ^ w p{wy 

Proof. It is easy to see that there is a finite extension W C W such that inda\ji^ w prw') = 
indal^g^ p(W) ' is a discrete valuation ring, so we can extend any division algebra 

over the fraction field F{R® W') = F(R) ®f(w) F(W) to an Azumaya algebra over R®W' with 
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Brauer class a\w. Taking the residual algebra yields the result over the residue field of R<S>W, 
which is K. □ 

4.2 Period and index on a fibration of curves 

4.2.1 Relation between period-index and the existence of rational points in moduli 

Lemma 4.2.1.1. Let X be a smooth geometrically connected projective variety over a field k of 
dimension d > 0. Suppose X contains a 0-cycie of degree 1 (e.g., k is Enite). Given any prime number 
n, there is a finite separable extension k' D k of degree prime to n and a birational equivalence of 
X ®k' with a fibration X — ► P^" 1 with smooth generic fiber of dimension 1 and a rational point 
over A/(P d_1 ). 

Proof. We may replace k by the maximal separable prime to n extension and suppose that k is 
infinite and X has a rational point p £ X(k). Suppose first that X is P d . Taking the linear system 
of hyperplanes through p, one sees that the blowup Bl p P rf fibers over p d ~ l with a section and with 
generic fiber PL pd _iy Embedding X in a projective space and choosing a generic linear projection 

yields a finite morphism v : X — > P d which is etale at every point of v~ 1 (v(p)). Now we can simply 
pull back the picture from P rf . The space X will then be the blowup of the fiber, which is just 
a finite set of reduced points. Geometrically, this is the same as taking a general linear system of 
projective dimension d — 1 containing p in the base locus in any sufficiently ample complete linear 
system on X. □ 

Lemma 4.2.1.2. Let X <— X — > P d_1 be as in \4.2.1.1\ Given a class a € Br(X), one has 

ind(a) = md(a^) = ind(aj^ ), 

where X„ is the generic fiber curve. 

Proof. This follows from the fact that X — > X is birational and the index is determined at the 
generic point. □ 

By construction, X„ has a rational point p. 

Let it : X v — » t] = Spec K be a proper smooth connected curve over a field with a rational point 
p € X V (K). Fix a class a G H 2 (X r? , fi n ) and let ^ r < n be the class of a\-^. Let ^ — > X v be a 
jx n -gerbe representing a. 

Proposition 4.2.1.3. With the above notation, suppose the restriction of a to p vanishes in 
Br(«(p)). The following are equivalent: 

(i) per (a) = ind(a); 

(ii) there is a locally free ^-twisted sheaf of rank n and determinant of degree r + 1; 

If n is prime and the the n-cohomological dimension of K is at most 1 then (i) and (ii) are equivalent 
to the existence of a K-rational point on the coarse moduli space Tw^(n, ff((r + l)p)), which is 
a smooth projective geometrically rational variety with Picard number 1. 

Proof. The equivalence of (i) and (ii) in the absence of the degree requirement is just 13. 1.2. 11 (3) . 
Thus, the content of the proposition lies in adjusting the determinant. Suppose there is a locally 
free twisted sheaf & of rank n on ^ ', and let = detJP. The assumption that ct\ p = € 
H 2 (Spec k(p), G m ) implies that there is a quotient of &\ p with any rank at most n. Given such 
a quotient Q of length I, it is easy to see that the determinant of the kernel G of & — » Q is 
detJ^"(— Ip). (This is just an elementary transform; see the appendix for details.) By repeatedly 
applying this operation with various choices of Q (and possibly dualizing to get the right sign), we 
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can ensure that the determinant has degree r + 1. (In fact, we can achieve any chosen degree in this 
way. The choice of r + 1 will be made clear below.) When cd ra K ^ 1, we can use this argument at 
any effective Cartier divisor on X„ (as the n-torsion in the Brauer group of such a divisor vanishes) 
and therefore ensure that the determinant is precisely 0((r + l)p). The stability condition when 
n is prime can be ensured in one of two ways: 1) if the image 5 of a in Hr(X v ) is 0, then it is a 
classical fact that stable vector bundles of any given rank and determinant exist; 2) if a ^ 0, then 
a is optimal, so any locally free twisted sheaf of rank n is stable and thus geometrically stable by 
numerical considerations. (In general, only semistability is a geometric property, but in this case 
the two notions coincide.) Finally, the cohomological dimension hypothesis ensures that any point 
of the coarse space Tw^y^ will lift into the stack Tw^, as the obstruction to doing so lies in 

The fact that Tw^ x (n, £?((r + l)p) is smooth, projective, and rational with Picard number 1 
follows from 13.2.2.31 the results cited above in section 13.2.21 and the main results of [23] . □ 

4.2.2 An application: period and index on a geometric surface We give a proof of de Jong's 
theorem on the period-index problem for surfaces over algebraically closed fields. 

Proposition 4.2.2.1. Let K be a field of transcendence degree 1 over an algebraically closed field 
and C — > Spec K a smooth proper curve over K with a rational point. Given a fi n -gerbe 'tf — > C, 
let ^ r < n represent the class of ®K in H 2 (C<g>K, fi n ) = Z/nZ. For any Jz? G Pic(C) such 
that deg Jz? — r is relatively prime to n, there exists a stable locally free ^-twisted sheaf of rank n 
and determinant Jz?. 

Proof. Since any Brauer class is defined over a finitely generated field over the prime field, we 
immediately reduce to the case where K is finitely generated over its constant field. By 13.2.2.41 
Tw s (n, Jz?) ® K is a non-empty smooth unirational projective variety. (We cite the unirationality 
rather than rationality as it is far easier to prove.) Applying the powerful theorem of Graber-Harris- 
Starr-de Jong (proven in [18J in characteristic and generalized in [13] to positive characteristic), 
we conclude Tw s (n,Jz?) has a rational point. On the other hand, Tw s (n,if) — > Tw s (ra,Jz?) is a 
ju n -gerbe. Since K is Ci, any /x n -gerbe over K has a point, yielding a lift of the point in moduli to 
an object, as desired. □ 

Lemma 4.2.2.2. If X is a smooth surface over an algebraically closed held k and a € Br(k(X)) has 
order prime to char(fc), then there is a birational morphism X — » X such that 

i) the pullback of a to X has strict normal crossing ramihcation locus, and 

ii) there is a hbration X — > P 1 with a section such that the restriction of a to the generic fiber is 
unramihed. 

Proof. It is an elementary fact that the ramification locus of a is pure of codimension 1 (see [5], [6], 
or [32]). Furthermore, if we blow up X, the only new ramification divisors which can appear must be 
the exceptional divisors. The first statement follows by the embedded resolution of curves in surfaces. 
To prove the second statement, we note that the ramification of a at a divisor D is given by a cyclic 
extension of the function field k(D) ([5].|45]). (In fact, a generically separable extension is sufficient 
for the present argument, and this follows easily from basic calculations in etale cohomology [19] 
applied to the usual presentation for the sheaf of Cartier divisors.) Let E be the (normal crossing) 
ramification divisor of a. Choose a divisor Z such that Z intersects E transversely at general points 
of irreducible components and Z + E is very ample. Choose a section H of \Z + E\ intersecting Z 
transversely and intersecting E transversely at general points of irreducible components over which 
the cyclic extensions measuring ramification are unramified. It follows by an explicit cohomological 
calculation (or by the slightly more hands-on method of [15]) that the blowup of X at H n (Z + E) 
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has no ramification on the exceptional divisors; i.e., the ramification of a on X is precisely contained 
in E. This X is the total space of the pencil spanned by H and Z + E, and we have just seen that 
a is unramified on the generic fiber. The intersection points H Pi(Z + E) give rise to sections of the 
pencil. □ 

Theorem 4.2.2.3 (de Jong without restrictions). If K is a field of transcendence degree 2 over an 
algebraically closed field k, then any a £ Br {K) satisfies per(a) = ind(a). 

Proof. As above, we may assume that K is finitely generated over k. By the results of section l4.1.2l 
we may assume the base field has characteristic 0. (The reader can check that this proof in fact works 
whenever the period is prime to the characteristic exponent of the base field.) Let X be a smooth 
projective surface modeling the given function field and let a € Br(/c(X))[n]. Applying I4.2.2.2] we 
may replace X with a fibration X — > P 1 such that a is unramified on the generic fiber. Now we can 
apply [4T2.2.U (The reader unfamiliar or uncomfortable with the ramification of a Brauer class can 
simply consider unramified classes - these will suffice for the applications we give over finite fields 
- at the expense of generality.) □ 

Elementary transforms can be used to refine 1472.2.31 

Corollary 4.2.2.4. Let X be a smooth projective surface over an algebraically closed field and n 
an integer prime to char(A"). The natural map H X (X, PGL n ) -> R 2 (X,fi n ) is surjective. 

Proof. Given a fi n -gerbe 3C —* A M4.2.27T1 shows that there is a locally free (stable) ^-twisted sheaf 
of rank n. Applying the methods used in the proof of 13. 2. 3. 41 yields a "V with trivial determinant. 
Taking Snd^) yields an Azumaya algebra whose cohomology class in H 2 (A", fi n ) is precisely 
(see 13.1.2.1( 4)) □ 

Remark 4.2.2.5. One can also prove [472.2.41 for classes of order divisible by the characteristic (using 
the fppf topology to compute the cohomology) by applying the methods of l3.2.3.41 to fppf /z n -gerbes 
on the surface X. 



4.2.3 A local-to- global problem A consequence of twisted methods is that one can solve the 
period-index problem in general if one can characterize the points on Galois twists of the moduli 
space Sh^ fc (r, 3f) of stable vector bundles with fixed determinant of degree prime to the rank on a 
smooth curve C with a point. Much is known about these varieties: they are smooth and rational 
with Picard group Z. Moreover, one knows that the canonical class of Sh^/ fe (r, J§f) is twice an 
anti-ample generator (so that Sh s is not a projective space!) [42] . 

It is tempting to ask the following question. 

Question 4.2.3.1. Let k be a field and C/k a smooth projective curve with a rational point. 
Given an invertible sheaf ££ £ Pic(C) and an integer n prime to deg J2?, does any Galois twist of 
Sh.Qi k (n, =£f) coming from H 1 (Spec/c,Pic^, //fc [n]) have a k-rational point? 

For a general curve C/k, the automorphism group of Sh^ fc (n,«Sf) is precisely Pic^/ fc [n], so the 
conjecture is saying that in such cases, any form of Sh^y fc (ra, Jzf ) should have a rational point. This 
is closely related to the period-index problem in the following way. 

Proposition 4.2.3.2. An affirmative answer to Question \4.2.3.1\ implies that for any function held 
K of dimension d with algebraically closed constant held k and any Brauer class a G Br(K), we 
have ind(a)| per (a) 2 . 

Sketch of a proof. Let n = per(a). Given K = k(X), we may birationally fiber X over p d_1 such 
that 
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i) the generic fiber C/k(xi, . . . , x^-i) is smooth with a section, and 

ii) a is unramified on the generic fiber and trivial on the section. 

(Such a fibration comes from an appropriate linear system of hyperplane sections, and the section 
arises from a base point of the system.) For an appropriate choice of Jzf, the coarse moduli space 
Tw s (n,Jzf) has a rational point by I3.2.2."6l and 14.2.3.11 We have the following lemma. 

Lemma 4.2.3.3. Let C/k be a proper smooth connected curve with a rational point p and ^ — > C 
a fi n -gerbe such that c € x^p is trivial. For any point q € Tw^y fc , the index of the class in Br(«(g)) 
represented by Tw^ x Tw^ /fe Q divides n. 

Proof. Let & be the universal ^-twisted sheaf on ^ Tw^j,. The universality of & implies that 
for any point p — > ff, the pullback is Tw^y fc -twisted. Thus, choosing p : Spec/c — > splitting 
the restriction ^ xcp yields a locally free Tw^y fe -twisted sheaf of rank n, as desired. □ 

Thus, the obstruction to lifting the point into Tw s has index dividing n, so that, after making 
a base field extension of degree re, there is a locally free twisted sheaf of rank re. Pushing this sheaf 
forward yields the result. □ 

On the other hand, Gabber's appendix to |10) (answering a question of Colliot-Thelene in the 
affirmative) shows that for a fixed prime I and any positive integer d, there is a smooth projective 
d-fold X over C and an unramified Brauer class a € Br(X) such that per(a) = I and ind(a) = £ d ~ 1 . 
Taking a generic fibration of X as in 14.2.3.21 we conclude the following. 

Corollary 4.2.3.4. Given a prime i and a positive integer d, there is a smooth proper connected 
curve C/C(ti, . . . , id-l) with a section and a fi e -gerbe — > C such that for every L S Pic(C), 
the coarse moduli space Tw^y fc (£, L) has the property that any closed point has degree divisible by 
gd-3_ Moreover, c € — > C may be chosen so that its associated Brauer class is unramihed on a proper 
smooth model of C over C. 

Proof. We can fiber one of Gabber's examples to yield ^€ — > C representing a Brauer class of 
period £ and index (, d ~ l . (The ramification condition comes from the fact that the Brauer group is 
a birational invariant and Gabber's examples begin life as unramified classes.) If there is a closed 
point whose degree has £-adic valuation smaller than d — 3 then there is a locally free ^-twisted 
sheaf whose rank has £-adic valuation smaller than d — 1. (One additional factor of I is potentially 
needed to lift the point into the moduli stack as in 14.2.3.31 and the other factor of £ comes from the 
fact that the stack parametrizes "^-twisted sheaves of rank £.) But this contradicts the fact that the 



There is a somewhat amusing consequence of this fact for local-to-global problems over two- 
dimensional function fields. 

Proposition 4.2.3.5. For any positive integer N, there is a variety V over C(t\,t2) such that 

i) dimV > N; 

ii) V is smooth, projective, geometrically connected, and geometrically rational; 



index is l d ~ x (using 14. l.L2|) . 



□ 



iii) 
iv) 
v) 



Pic(V®C(ti,t 2 )) ^ Z; 

V(C(ti,t2) u ) 7^ for every non-trivial valuation v on C(t\,t2), but 
K(C(t!,t 2 ))=0. 
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Sketch of proof. Choose — > C as in 14.2.3.41 with d = 3, so that C is the generic fiber of a proper 
fibration C — > Pq and ^ is the restriction of a /Lt n -gerbe over C. Choose L so that it is the restriction 
of an invertible sheaf on C and so that deg L — £5 is relatively prime to £, where 5 is as in 13.2.21 
(After birationally modifying the base, we may assume that any given L € Pic(C) extends, without 
doing any harm to the argument given here.) Given a valuation v of Q>{f,\,t%), the valuation ring 
G v will be centered at a point p v of Pq whose residue field has transcendence degree at most 1. 
The fiber Q Pl/ is a curve over the function field of a curve or over an algebraically closed field, so we 
may apply the methods of l4.2.1.3l to find a locally free "^^-twisted sheaf of rank I with determinant 
L Pv . (When the fiber is not smooth, we can use the unobstructedness of locally free sheaves on 
curves to see that it suffices to solve the problem for the reduced structure on the fiber, then apply 
14.2.1.31 as written to the normalization and produce a twisted sheaf over the singular space by a 
gluing argument.) It is a simple matter of deformation theory to see that this will deform over the 
complete local ring ff F 2 pu . Pulling back to the completion of C(ti,t2) with respect to v yields a 
locally free ^ <8> C(ii, i2)j/-twisted sheaf of rank I and determinant L, which we may assume is stable 
(by a simple argument as in the proof of 14.2.1.3]) . The reader can find further details of this kind of 
argument and applications of this method in more complicated (e.g., ramified) situations in [36J. 

On the other hand, a simple argument using the Leray spectral sequence shows that the map 
Br(C(ii,i2)) — * Br(Tw^>^ c ^ i t2 \(£, L)) is an isomorphism. It follows from the previous paragraph 
that the universal obstruction TwL c / ti t ^(£,L) — > Tw^y C / tl t dt,L) is split over every completion 
of C(ti,t2)- But any element of Br(C(ii,i2)) which is locally split everywhere must be split, and 
thus a C(ii, i2)-rational point of Tw^y c ^ ti t Al,L) would give rise to a ^-twisted sheaf of rank £, 
contradicting the fact that Brauer class of "jf has index £ 2 . □ 

Remark 4.2.3.6. The fact that the base field in l4.2.3.5l is C(ti, £2) is significant, because its unramified 
Brauer group is trivial. It is quite a bit easier to make such examples over other function fields of 
transcendence degree 2: if P — > S is a Brauer-Severi scheme representing a non-trivial Brauer class 
over a proper smooth surface S, then it is easy to see that P satisfies all of the conditions of 14.2.3.51 

Remark 4.2.3.7. Using Theoreme 10 of [10J, one can make the counterexamples V of 14.2,3.41 be 
defined over k{t\,t2) with k any algebraically closed field. 

4.3 Period and index via moduli on a surface 

Another way to reduce the period-index problem to a rationality question is to use the known 
structure of the moduli spaces of twisted sheaves on surfaces along with classical estimates on 
the existence of points (e.g., the Lang- Weil estimates for geometrically integral varieties over finite 
fields). 

4.3.1 Period and index on a surface over a finite field 

Theorem 4.3.1.1. If X is a proper smooth geometrically connected surface over F q and a E Br(A) 
has period prime to q, then per(a) = ind(a). 

For classes of period divisible by the characteristic, the methods employed here cannot be applied 
(even though the moduli theory can be developed). Thus, (sadly) we can give no real insight into 
the unramified problem for these classes. 

Remark 4.3.1.2. If K is the function field of a surface over a finite field of characteristic p, then 
it is easy to see that for a € Br(i"C)[p°°] we have ind(a)| per (a) 2 . Indeed, the absolute Frobenius 
morphism F : Spec K — > Spec K is finite free of degree p 2 and acts as multiplication by p on Br (AT). 
Curiously enough, this result is stronger than what we are able to prove in section [4.3.21 for ramified 
classes of period prime to the characteristic! 
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Remark 4.3.1.3. We thank Laurent Moret-Bailly for pointing out that the proof of 14 . 3 . 1 . H actually 
works for Brauer classes on a proper smooth geometrically connected surface over any perfect field 
k with the property that any geometrically integral finite type £;-scheme contains a 0-cycle of degree 
1. For example, the theorem applies to any PAC base field. (Using [4.3.1.61 below, whose proof we 
have not included here, would allow one to remove the perfect hypothesis in the preceding sentence.) 

Due to the inadequacy of the existing proofs of asymptotic properties [33] (e.g., applying only to 
geometrically optimal classes and geometrically essentially trivial classes), we are forced to make a 
slightly convoluted argument. Let PIP n {k) denote the phrase "classes a of period dividing n in the 
Brauer group of any geometrically connected proper smooth surface over k satisfy per (a) = ind(a)." 

Proposition 4.3.1.4. If k is a perfect field and PIPi(L) for all finite extensions L/k and all primes 
I in a set of primes S then PIP n (L) for all finite extensions L and all n in the submonoid M of N 
generated by S. 

Proof. Let a € Br(X) have period n € M. As above, we see that n'a has the period equal to index 
(where n' = nji for some prime factor £ of n). Thus, n'a has index £. Since any division algebra over 
a field of index d has a separable splitting field of degree d, we conclude that there is a generically 
etale finite map of normal surfaces / : Y — » X of degree £ such that f*n'a = 0. By resolution of 
singularities in dimension 2 (valid in any characteristic), we arrive at a regular proper surface Y 
and a morphism Y — > X which is generically finite of degree £. Since k is perfect, we see that Y is 
smooth over fc; in fact, setting L = H°(Y, & Y ), 

we see that Y is smooth, proper, and geometrically 
connected over L. Applying PIP n i(L) to Y and pushing forward at the generic point completes the 
proof. □ 

Corollary 4.3.1.5. To prove [J.3.1. 1\ it suffices to prove it for classes of prime order (prime to 
q). Thus, it suffices to prove it for classes which are either geometrically optimal or geometrically 
essentially trivial. 

Using results of Artin and de Jong on general sections of an Azumaya algebra, one can actually 
prove a stronger form of 14.3.1.41 Since it is not essential for our applications, we will only record 
the statement. 

PROPOSITION 4.3.1.6. Ifk is any held and PIPi(k) for all primes £ in a set of primes S then PIP n (k) 
for all n in the submonoid of N generated by S. 

Proof of \4- 3.1.1] for geometrically optimal classes. Let SC — > X be a geometrically optimal /i n - 
gerbe. Consider the stacks Tw^ F (n, 0, b), which are defined over F q since G is defined over 

F q . By 13.2.3.31 and 13.2.3.41 (applied over F q , using 14.2.2.31 as an input), there exists b such that 
Twgry F (n, 0,b) is (non-empty and) geometrically integral. Thus, Tw^y F (n, 0, b) is a geometri- 
cally irreducible (even projective) variety over F q , and furthermore since H 2 (SpecF g ,/x n ) = wc sec 
that a rational point of Tw^ /-p (n, b) lifts to an object of Tw^-™ (n, 0, C2). Thus, by the cheap 
trick 14. lTT| it suffices to find a rational point of Tw^ ^ F (n, b) over F° on_n , the maximal extension 
of degree prime to n. But the Lang- Weil estimates [29J show that any non-empty geometrically 
integral variety over F q has rational points over F q lon ~ n . □ 

Proof of \4- 3.1.1] for geometrically essentially trivial classes. In this case S£ — > X is a /x n -gerbe such 
that SC <8> Fq admits an invertible twisted sheaf (has trivial Brauer class) . By 13.2.3.11 the stack 
Tw^(n, &,c<i) is geometrically isomorphic to Sh' i (n, d^) for some Jz? (possibly defined only over 
an extension field, but this is unimportant) and a c' 2 which differs from C2 by a fixed constant 
depending only upon by 13.2.3.21 On the other hand, the stack of semistable sheaves on X is 
asymptotically geometrically irreducible and non-empty (in the sense of the statements of 13.2.3.31 
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and !3.2.3.4p . with Sh/* as a dense open substack. The proof in arbitrary characteristic (generalizing 
O'Grady's results in characteristic 0) is contained in [30J. Applying the Lang- Weil estimates to the 
substack of //-stable points of Tw s completes the proof. □ 

4.3.2 A ramified result Using results of Saltman and [IS]), we can extend our results to 
the ramified case. We recall the relevant results from Saltman's work (and we thank him for bringing 
this to our attention). 

Proposition 4.3.2.1 (Saltman). Let S be a regular scheme of dimension 2 Bbered over a field or 
discrete valuation ring containing a primitive Ith root of unity, with £ a prime invertible on S. Let a 
be a Brauer class at the generic point rjs of prime order £. There exist rational functions f,g£ k(S) 
such that a is unramihed in k(S)(J 1 ^ , g 1 ^). 

Saltman uses this to prove that ind | per 2 for Brauer classes in the function field of a curve over a 
p-adic field. Note that the requirement that an ith root of unity exist is a minor one: adjoining such 
a root creates a field extension of degree prime to £, so using the methods of 14.1.11 one concludes 
that this has no effect on the period-index problem. Similarly, the requirement that a have prime 
order is immaterial when it comes to period-index phenomena. 

Corollary 4.3.2.2. Let X be a smooth projective geometrically connected surface over a Bnite 
field k. Any a € Bv(k(X)) satisfies ind(a)| per(a) 3 . 

Proof. By 14.3.1.21 it suffices to prove this when the period of a is a prime £, and then we may 
assume k contains all of the ith roots of unity by making a prime to £ extension of the base field 
(which will not change the period or index by I4.1.17T]) . In this case, we can apply [4^3.2.11 to find 
a finite extension of normal surfaces Y — > X of degree £ 2 such that a\y is unramified. Letting 
L = H°(y, &y\ we can blow up Y to arrive at a smooth geometrically connected surface Y over L 
equipped with a Brauer class a £ Br(Y) of order dividing £. Since Y is proper, L is finite, and we 
may apply 14.3.1.11 to conclude that the index of divides £. Pushing forward a twisted sheaf of 
rank dividing £ along the morphism of generic points rjy — ► rjx yields an a-twisted sheaf of rank 
dividing £ 3 on Speck(X) and taking the endomorphism ring yields a division algebra of degree 
dividing £ 3 in the class a, thus completing the proof. □ 

4.3.3 Period and index on a surface over a local field Using 14.3.1.11 and 13.2.3.61 we can prove 
a partial result on the period-index problem for surfaces over local fields. Throughout this section, 
K denotes a local field with integer ring R and (finite) residue field k. 

Proposition 4.3.3.1. Let X be a proper smooth geometrically connected surface over K which 
extends to a proper smooth relative surface X — > Spec R. If a G Br(X) has period prime to char (A;), 
then ind(a)| per (a) 2 . If a is unramified on X, then ind(a) = per(a). 

Proof. First suppose a extends to all of X. On the special fiber, we have that per = ind. It is not 
too difficult to show that one can construct an unobstructed locally free twisted sheaf of the desired 
rank using strict transforms (see e.g. 5.2.5 and 5.2.6 of [23] for the untwisted version, [M] for the 
twisted version, or 3.2 of [12] for a treatment in terms of Azumaya algebras). Deforming it over the 
total space of X yields the result. 

If q is ramified along the special fiber, then extracting the per(a)th root of a uniformizer of R 
will kill the ramification [5j 2.3.4] (which uses the main purity result of [16]). Thus, after making a 
finite free extension R' D R of degree per (a), we are reduced to the unramified case. This is easily 
seen to imply the desired result. □ 
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It would be nice to try to apply Saltman's techniques to the case of local base fields k and arrive 
at a result for ramified classes, but it is not entirely clear how the property of smooth reduction 
behaves under the construction of Y in the proof of 14.3.2.21 

Remark 4.3.3.2. It may be possible to extend these results in some form to the case of a surface 
with semistable or strictly semistable reduction. To properly carry this out would require a study of 
semistable twisted sheaves and their deformations on semistable surfaces and their (possibly non- 
flat) infinitesimal thickenings. It is not particularly clear at the present time what exponent in the 
period-index relation one should expect in this case. 

Appendix A. A few facts about coherent sheaves on stacks 

There is not much to recall here, as coherent sheaves behave just as they do on schemes. However, 
for the sake of completeness, we include stacky versions of several well-known constructions and 
results. First, it is worth making a brief remark about where precisely quasi-coherent sheaves on a 
stack X live. Of course, they are quasi-coherent sheaves in one of the ringed topoi associated to 
X\ 

ay ay ay ay 

The first three are all meant to be big topoi while the fourth is developed in [31] - but note 
that there are errors in their treatment, which have been fixed by Olsson in |41j . The fifth topos is 
the small etale topos: generated by etale morphisms from schemes U — > SC . Unless 3C is a Deligne- 
Mumford stack, this is an unreasonable (mostly empty!) choice. We leave the proof of the following 
lemma to the reader (with help from the references). 

Lemma A.l. There are natural equivalences of abelian categories of quasi-coherent sheaves on JTz ar , 
^■{ppf, 3t^ET' an d <%-Us-et- When X is Deligne-Mumford, this equivalence extends to 3£&. 

The derived category D(QCoh(^)) has the same formal properties when SC is a stack as when 
it is a scheme. In particular, if X is regular of everywhere bounded homological dimension, any 
coherent sheaf defines a perfect complex in D par -^(QCoh(^)) C D(QCoh(JT)). (Even when X is 
equidimensional and quasi-compact, it is no longer true that the homological dimension is related 
to the intrinsic dimension of X ', which can be negative; it is however certainly bounded above by 
the dimension of a smooth cover of X .) 

Remark A. 2. Just as in the case of a scheme, the natural functor QCoh( ) — > ^od(X) is not an 
exact functor of abelian categories when working with the big topologies, and therefore in the big 
etale and fppf topologies it is not reasonable to think about DQCoh(^/pp/) or DQCoh(<^^ r )- It does 
make sense in the lisse-etale topology, but the entire setup requires great care in that context, as 
the formation of the lisse-etale topos is not functorial. This is developed carefully and completely in 
|41j . For Deligne-Mumford stacks one can work in the small etale topos and everything works 
just as for algebraic spaces. 

We recall the following theorem, essentially due to Knudsen and Mumford [25] (to which the 
reader is referred for further details). Write C par ^(X) for the abelian category of perfect complexes 
of coherent sheaves and Cf?^ \X) for the subcategory in which the morphisms are precisely the 
quasi-isomorphisms of perfect complexes. Write Pic^(JT) for the Picard groupoid (the category of 
invertible sheaves along with isomorphisms between them on -schemes) . 

Theorem A. 3. There is a natural additive and exact functor 

det : C| ar/ (JT) ^Pic-(JT) 
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which for every locally free sheaf "V on JT , viewed as a complex with Y in degree 0, takes the value 

A rkr V. 

The reader should refer to p. 23ff of [ibid.] for the precise properties the functor is assumed to 
have. For our purposes, it suffices to note that one can compute the determinant of a coherent sheaf 
#ona regular stack by taking a locally free resolution y* — > (when one exists) and tensoring 
the top wedge powers of the "V 1 with alternating signs. 

Definition A. 4. Given a coherent sheaf & on 3£ whose image in D(QCoh(JT)) is perfect, the 
determinant of & is det & . 

Proposition A. 5. Let JT be a regular Artin stack and ^ C an integral effective Cartier divisor. 
A coherent sheaf & on^ of generic rank r has determinant G^ir 1 ^) (as a perfect complex on 3£ ). 

Proof. We would like to thank Moret-Bailly for pointing out a simplification of our original proof. 
Let = S£ \ c € be the (open) complement of ^ . Since ^\<% = 0, there is an isomorphism 
a : — > det^\w- To show that a extends to an isomorphism Ggcir 1 ^) — > detJ^, it suffices 
to show this locally in the smooth topology of 3£ , as the descent datum on a will descend the result 
back to X . Thus, it suffices to prove the result when is a scheme. To prove it in this case, note 
that an extension must exist for some r by standard properties of invertible sheaves. To determine 
r, it thus suffices to prove the result when S£ is the spectrum of a discrete valuation ring and ^ is 
the closed point, where the result is immediate. □ 

Let be a regular Artin stack and i : c € 3C an integral effective Cartier divisor. Suppose 
given a coherent sheaf & on S£ and a coherent quotient of the restriction p : -» 

Definition A. 6. With the above notation, the elementary transform of & along p is 

ker(J^ -» -» l^). 

Corollary A. 7. Given a coherent sheaf & on and a quotient p : -» £2, the determinant 
of the elementary transform of & along p is det(^) <8> 0(— (rk^ £) c €). 

The corollary applies for example if is quasi-compact and regular. 
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